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Z4-Code Constructions for the Niemeier Lattices and their Embeddings
in the Leech Lattice
MASAAKI HARADA† AND MASAAKI KITAZUME
In this note, we give Z4-code constructions of the Niemeier lattices, showing their embedding in
the Leech lattice. These yield an alternative proof of a recent result by Dong et al. [5].
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1. INTRODUCTION
There are exactly 24 inequivalent even unimodular lattices in dimension 24 [7]. These lat-
tices are called the Niemeier lattices. In particular, only one of them has minimum norm 4 and
it is called the Leech lattice 324. Every Niemeier lattice is uniquely characterized by its root
system, which is one of the following:
∅, A241 , A122 , A83, A64, D64, A45 D4, A46, A27 D25, A38, D46, A29 D6, E46 ,
A11 D7 E6, A212, D
3
8, A15 D9, D10 E
2
7 , A17 E7, D
2
12, A24, E
3
8 , D16 E8, D24.
In this note, we denote a Niemeier lattice with root system R by N (R).
Recently, it has been shown in [1] that every Niemeier lattice is constructed from some Z4-
code C by Construction A giving an explicit generator matrix of C . Such constructions are
theoretically obtained as a corollary of the following theorem by Dong et al. [5].
THEOREM 1 (DONG et al. [5]). Let 324 be the Leech lattice and let N be a Niemeier lat-
tice. Then
√
2N ⊆ 324.
The proof of Theorem 1 given in [5] does not give explicit embeddings into the Leech lattice
and contains some counting arguments by computer.
In this note, we give an explicit generator matrix of a Type II code C over Z4 such that not
only A(C) = N but also √2A(C) ⊆ 324 for every Niemeier lattice N where A(C) denotes
the lattice obtained by Construction A from C . This yields an alternative proof of Theo-
rem 1. It follows from [5] that there are several embeddings
√
2N ⊆ 324 for one Niemeier
lattice N . Our constructions give an example of its embeddings for each Niemeier lattice.
In Section 2, we give necessary definitions of unimodular lattices and codes over Z4. Sec-
tion 3 describes our method to give an alternative proof of Theorem 1. In order to illustrate
our method, we describe how an explicit generator matrix is obtained in detail for the cases
N = N (D38), N (A11 D7 E6) and 324 as examples. In Section 4, we give our generator matri-
ces of Type II codes over Z4 which determine the remaining Niemeier lattices. We also list
the symmetrized weight enumerators for some codes in order to compute the kissing numbers
of the corresponding lattices. Finally, in Section 5, we show
√
2N ⊆ N for a Niemeier lattice
N such that its root system R contains A241 by investigating our Z4-codes and some binary
self-dual codes.
2. SELF-DUAL Z4-CODES, THE NIEMEIER LATTICES AND THE LEECH LATTICE
2.1. Unimodular lattices. LetRn be an n-dimensional Euclidean space with the inner prod-
uct x · y = x1 y1 + x2 y2 + · · · + xn yn for x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn). An
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n-dimensional lattice 3 in Rn is a free Z-module spanned by n linearly independent vectors
v1, . . . , vn . An n by n matrix whose rows generate 3 is called a generator matrix of 3. The
dual lattice 3∗ is given by 3∗ = {x ∈ Rn | x · a ∈ Z for all a ∈ 3}. A lattice 3 is integral
if 3 ⊆ 3∗. An integral lattice with 3 = 3∗ is called unimodular. If the norm x · x is an
even integer for all x ∈ 3, then 3 is said to be even. It is known that n-dimensional even
unimodular lattices exist if and only if n ≡ 0 (mod 8). We will consider only the dimension
n = 24.
The minimum norm of3 is the smallest norm among all nonzero vectors of3. The vectors
of norm 2 are called roots, and the set of the roots of 3 is called the root system of 3. The
theta series θ3(q) of 3 is the formal power series
θ3(q) =
∑
x∈3
qx ·x .
The first nontrivial coefficient of the theta series is the kissing number of3, which is equal to
the number of the minimum norm vectors in 3.
2.2. Self-dual Z4-codes and Construction A. A code C of length n over Z4 (or a Z4-code of
length n) is a Z4-submodule of Zn4 where Z4 is the ring of the integers modulo 4. A generator
matrix of C is a matrix whose rows generate C . An element of C is called a codeword of
C . The Euclidean weights of the elements 0, 1, 2 and 3 of Z4 are 0, 1, 4 and 1, respectively,
and the Euclidean weight of a codeword is the rational sum of the Euclidean weights of its
components. The minimum Euclidean weight dE of C is the smallest Euclidean weight among
all nonzero codewords of C . The symmetrized weight enumerator of C is given by
sweC (a, b, c) =
∑
x∈C
an0(x)bn1(x)+n3(x)cn2(x),
where ni (x) is the number of components of x ∈ C that are equal to i .
For x = (x1, . . . , xn) and y = (y1, . . . , yn), we define the inner product of x and y in Zn4
by x · y = x1 y1 + · · · + xn yn . The dual code C⊥ of C is defined as C⊥ = {x ∈ Zn4| x · y =
0 for all y ∈ C}. C is self-orthogonal if C ⊂ C⊥ and C is self-dual if C = C⊥. Self-dual
codes with the property that all Euclidean weights are divisible by eight are called Type II.
The following construction is called Construction A for codes over Z4, which will be used
for our constructions of the Niemeier lattices.
PROPOSITION 2 (BONNECAZE et al. [2]). Let C be a self-dual Z4-code of length n with
minimum Euclidean weight dE . Then the lattice
A(C) = 1
2
{
x ∈ Zn | x ≡ c (mod 4) for some c ∈ C} ,
is an n-dimensional unimodular lattice with the minimum norm min{4, dE/4} and
θA(C)(q4) = sweC (θ4Z(q), θ4Z+1(q), θ4Z+2(q)).
Moreover, if C is Type II, then the lattice A(C) is even unimodular.
2.3. The Niemeier lattices and the Leech lattice. Niemeier [7] classified the 24-dimensional
even unimodular lattices. There exist 24 such lattices, one of which has minimum norm 4 and
it is called the Leech lattice 324. We say that all the 24-dimensional even unimodular lattices
are Niemeier lattices.
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In order to embed every Niemeier lattice into the Leech lattice, we first fix the coordinates
of the Leech lattice. The Leech lattice consists of the vectors of the forms
1√
8
(0+ 2c + 4x) and 1√
8
(1+ 2c + 4y),
where 1 and 0 are the all-one and all-zero vectors, respectively, c is a codeword of the bi-
nary Golay [24, 12, 8] code G24 and x = (x1, . . . , x24), y = (y1, . . . , y24) ∈ Z24 satisfying∑
i xi ≡ 0 (mod 2) and
∑
i yi ≡ 1(mod 2) [4].
In this note, we use the MOG (miracle octad generator) coordinates for the coordinates
of G24 (see [4] for the MOG coordinates). Fixing the coordinates of G24 determines the
coordinates of the Leech lattice. The generator matrix of the Leech lattice given in [4, p. 133]
is obtained in this way. From now on, we use the coordinates of the Leech lattice constructed
in this way.
3. OUR METHOD AND THE CASES N (D38), N (A11 D7 E6) AND 324
Let N be a Niemeier lattice with root system R.
(1) We construct a self-orthogonal Z4-code C ′ with A(C ′) ⊇ R using the vectors of norm
4 in the Leech lattice 324 by multiplying
√
2. Here, note that C ′ = {0} if N = 324.
(2) We add to the generators of C ′ some vectors in Z244 which correspond to the vectors
in 324 of norm ≥ 6 where the vectors do not change the root system, in order to
extend the generators of C ′ to some generator matrix G of the self-dual code C . Each
added generator g of C has been chosen so that g satisfies g√
2
∈ 324. Thus C satisfies√
2A(C) ⊆ 324.
(3) Finally, we check the root system of A(C). If there is no inclusion relation between R
and the root system of the other Niemeier lattices, then the root system of A(C) is equal
to R. However, if there is a possibility R ⊆ R′ for the root system R′ of some Niemeier
lattice, then we must check if the root system of A(C) is equal to R itself, that is, the
root system of the lattice is not extended to R′.
There are the following inclusion relations (IR) between root systems.
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In order to illustrate our method, we now construct Type II Z4-codes for the cases N =
N (D38), N (A11 D7 E6) and 324 as examples. We first present a generator matrix G(D
3
8) of a
Type II code C(D38) for the Niemeier lattice N (D
3
8).
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G(D38) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
0000 2200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0002 2000 0000 0000
0000 0000 0000 2200 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0002 2000
0000 0000 0000 0000 0000 2200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
3111 1111 3111 1111 0000 0000
0000 0000 3111 1111 3111 1111
1111 1111 1111 1111 1111 1111

.
In this case, we describe how the generator matrix is obtained from the root system D38 pre-
cisely. Define the following vectors:
a1 = (1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a2 = (1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a3 = (0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a4 = (0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a5 = (0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a6 = (0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a7 = (0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a8 = (0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
where 1¯ denotes−1. The vectors a1, . . . , a8 generate the root system D8. Note that 2a1 = 2a2
over Z4 and
(2, 2, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
= 2(1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)+ 2(a4 + a6 + a8).
Moreover, the vector
2(1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
can be obtained from the last two rows in G(D38). Similarly, the next two pairs of six rows in
G(D38) correspond to D
2
8 . Thus the first three pairs of six rows in G(D
3
8) correspond to the
root system D38 . Then, by Step (2), the last three rows are added to construct the self-dual code
C(D38) using other vectors of 324. As described in Step (3), from the IR, it is possible that
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the root system of A(C(D38)) is extended to D24. Thus, finally, we compute the symmetrized
weight enumerator sweC(D38) of C(D
3
8) to compute the kissing number of A(C(D
3
8)).
sweC(D38)
= c24 + 49152b16c8 + 2097152b24 + 84a2c22 + 24576a2b8c14 + 1376256a2b16c6
+2562a4c20 + 344064a4b8c12 + 3440640a4b16c4 + 33796a6c18 + 1548288a6b8c10
+1376256a6b16c2 + 184047a8c16 + 2457600a8b8c8 + 49152a8b16 + 489384a10c14
+1548288a10b8c6 + 677404a12c12 + 344064a12b8c4 + 489384a14c10
+24576a14b8c2 + 184047a16c8 + 33796a18c6 + 2562a20c4 + 84a22c2 + a24.
By Proposition 2, the theta series of the lattice A(C(D38)) is computed, then A(C(D
3
8)) has
kissing number 336. Thus A(C(D38)) is the desired lattice with root system D
3
8 .
Now we give a generator matrix G(A11 D7 E6) of a Type II code C(A11 D7 E6):
G(A11 D7 E6) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 2000 2000 0000
0000 0000 0000 0000 2000 0200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0002 0200 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0002 2000
0111 0333 0111 0333 0111 1000
1111 1111 0000 0000 0000 0000
0000 1111 1111 0000 0000 0000
1000 3000 1000 3000 1000 0111

.
Similarly to the case N (D38), we describe how the generator matrix is obtained from the root
system A11 D7 E6 precisely. Let ri be the i th row of the above matrix. Define the following
vectors:
a1 = (0, 0, 1, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a2 = (0, 1, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a3 = (0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
2a4 = (1¯, 1¯, 1¯, 1¯, 1¯, 1¯, 1¯, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a5 = (0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a6 = (0, 0, 0, 0, 0, 1, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a7 = (0, 0, 0, 0, 0, 0, 1, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
2a8 = (0, 0, 0, 0, 1, 1¯, 1¯, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a9 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1¯, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
a10 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
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a11 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).
Then the vectors a1, . . . , a11 generate the root system A11, and correspond to r1, . . . , r6, r18
and r19. Note that 2a8 = r3 + r19 over Z4. Now define the following vectors:
d1 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0),
d2 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0),
d3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0, 0, 0, 0),
d4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 0, 1, 0, 0, 0, 0, 0, 0),
d5 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0, 0),
d6 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0, 0),
d7 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0, 0, 0).
Then the vectors d1, . . . , d7 generate the root system D7 and correspond to r11, . . . , r16. The
following vectors
e1 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0),
e2 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 0, 0, 0, 0, 1, 0, 0),
e3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1, 0),
e4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1),
e5 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1¯, 1¯),
2e6 = (1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1),
generate the root system E6 and correspond to r7, . . . , r10 and r20. Therefore, in this case,
since the root system A11 D7 E6 is not listed in the IR, A(C(A11 D7 E6)) is the desired lattice
with root system A11 D7 E6 without a computation of the kissing number.
The next example is the case N = 324 which is a special case, that is, 324 contains no
root. We give a generator matrix G(324) of a Type II code C(324). In this case, since 324
contains no root we skip Step (1) then a generator g of C(324) is chosen so that g satisfies
that g√
2
∈ 324. Thus C satisfies
√
2A(C(324)) ⊆ 324.
G(324) =

2222 0000 0000 0000 0000 0000
0022 2200 0000 0000 0000 0000
0000 0022 2020 0000 0000 0000
0000 0000 0202 2020 0000 0000
0000 0000 0000 0202 2002 0000
2020 2020 0000 0000 0000 0000
0000 0220 2200 0000 0000 0000
0000 0000 2002 2002 0000 0000
0000 0000 0000 0022 2020 0000
2000 2000 2000 2000 2000 2000
1111 1111 2000 2000 0000 0000
2000 1111 1111 0000 2000 0000
0000 0000 1111 1111 2000 2000
2000 0000 2000 1111 1111 0000
2000 2000 0000 0000 1111 1111
3012 1010 1001 1001 1100 1100
3201 1001 1100 1100 1010 1010

.
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In order to show that A(C(324)) contains no root, we compute the symmetrized weight enu-
merator sweC(324) of C(324), that is, we have
sweC(324) = a24 + 186a20c4 + 1984a18c6 + 11919a16c8 + 7680a14b8c2 + 29760a14c10
+107520a12b8c4 + 43372a12c12 + 73728a11b12c + 483840a10b8c6 + · · · .
Then C(324) has minimum Euclidean weight 16, and thus the minimum norm of C(324) is
4. Therefore A(C(324)) = 324 and
√
2A(C(324)) ⊆ 324.
4. THE REMAINING CASES
In this section, we give a generator matrix G(R) of a Type II code C(R) over Z4 for the
remaining lattices with root system R. For the cases that there is a possibility R ⊆ R′ for the
root system R′ of some Niemeier lattice, we also list the symmetrized weight enumerators
sweC(R) to check the kissing number.
G(A241 ) =

2200 0000 0000 0000 0000 0000
0000 0000 2020 0000 0000 0000
0000 0000 0000 2020 0000 0000
0000 0000 0000 0000 2002 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0000 2002
2000 2000 2000 2000 2000 2000
2020 2020 0000 0000 0000 0000
0000 2020 2200 0000 0000 0000
0000 0000 2200 2200 0000 0000
0000 0000 0000 2200 2200 0000
0000 0000 0000 0000 2200 2200
1111 1111 0000 0000 2000 2000
0000 1111 1111 2000 2000 0000
2000 2000 1111 1111 0000 0000
2000 0000 0000 1111 1111 2000
0000 0000 2000 2000 1111 1111
2013 0011 0101 0101 0110 0110

, G(A122 ) =

0022 0000 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0202 0000 0000 0000
0000 0000 0000 0202 0000 0000
0000 0000 0000 0000 0220 0000
2020 2020 0000 0000 0000 0000
2020 0000 2200 0000 0000 0000
2020 0000 0000 2200 0000 0000
2020 0000 0000 0000 2200 0000
2020 0000 0000 0000 0000 2200
0111 1000 1000 1000 1000 1000
3013 0100 0010 0010 0001 0001
1000 0111 1000 1000 3000 3000
1000 1000 0111 3000 1000 3000
1000 1000 3000 0111 3000 1000
1000 3000 1000 3000 0111 1000
1000 3000 3000 1000 1000 0111

,
G(A83) =

2000 2000 0000 0000 0000 0000
2000 0000 2000 0000 0000 0000
0200 0200 0000 0000 0000 0000
0200 0000 0020 0000 0000 0000
0020 0020 0000 0000 0000 0000
0020 0000 0002 0000 0000 0000
0002 0002 0000 0000 0000 0000
0002 0000 0200 0000 0000 0000
0000 0000 0000 2000 2000 0000
0000 0000 0000 2000 0000 2000
0000 0000 0000 0200 0020 0000
0000 0000 0000 0200 0000 0020
0000 0000 0000 0020 0002 0000
0000 0000 0000 0020 0000 0002
0000 0000 0000 0002 0200 0000
0000 0000 0000 0002 0000 0200
3120 1100 1010 1010 1001 1001
3012 1010 1001 1001 1100 1100
3201 1001 1100 1100 1010 1010
3000 1000 1000 2111 0111 0111

, G(A64) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
0111 1000 1000 1000 1000 1000
1000 0111 1000 1000 3000 3000
1000 1000 0111 3000 1000 3000
1000 1000 3000 0111 3000 1000
1000 3000 1000 3000 0111 1000
1000 3000 3000 1000 1000 0111

,
480 M. Harada and M. Kitazume
G(D64 ) =

2200 0000 0000 0000 0000 0000
0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
2000 2000 2000 2000 2000 2000
1111 1111 0000 0000 2000 2000
0000 1111 1111 2000 2000 0000
2000 2000 1111 1111 0000 0000
2000 0000 0000 1111 1111 2000
0000 0000 2000 2000 1111 1111

, G(A45 D4) =

0000 0000 0000 2000 2000 0000
0000 0000 0000 0000 2000 2000
0000 0000 0000 0200 0200 0000
0000 0000 0000 0000 0200 0200
0000 0000 0000 0020 0020 0000
0000 0000 0000 0000 0020 0020
0000 0000 0000 0002 0002 0000
0000 0000 0000 0000 0002 0002
0000 2000 2000 0000 0000 0000
0000 0200 0200 0000 0000 0000
0000 0020 0020 0000 0000 0000
0000 0000 2222 2222 0000 0000
0000 2200 0000 2200 0000 0000
0000 2020 0000 2020 0000 0000
0111 1000 1000 1000 1000 1000
3013 0100 0100 0100 0100 0100
3301 0010 0010 0010 0010 0010
3130 0001 0001 0001 0001 0001
0000 1111 3333 0000 0000 0000

,
G(A46) =

2000 2000 0000 0000 0000 0000
2000 0000 2000 0000 0000 0000
0200 0200 0000 0000 0000 0000
0200 0000 0020 0000 0000 0000
0020 0020 0000 0000 0000 0000
0020 0000 0002 0000 0000 0000
0002 0002 0000 0000 0000 0000
0002 0000 0200 0000 0000 0000
0000 0000 0000 0220 0022 0000
0000 0000 0000 0022 0202 0000
0000 0000 0000 0000 0202 0202
0000 0000 0000 0000 0022 0022
1000 1000 1000 0111 1000 1000
0300 0100 0010 1301 0003 0003
0030 0010 0001 1130 0300 0300
0003 0001 0100 1013 0030 0030
0000 0000 0000 1331 1133 0000
0000 0000 0000 0000 1313 3131

,G(A27 D
2
5 ) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
2000 0200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
2200 0000 2200 0000 0000 0000
0111 1000 1000 3000 3000 1000
1000 0111 1000 3000 1000 3000
0000 0000 1111 1111 0000 0000
0000 0000 0000 0000 1113 1113
2000 0000 0020 3111 1113 0000

,
G(A38) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
1111 1111 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
3000 0311 1000 3000 1000 3000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
3000 1000 1000 0133 3000 1000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 1111 1111
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
3000 1000 3000 1000 1000 0133

, G(D46 ) =

2000 2000 0000 0000 0000 0000
0000 2000 2000 0000 0000 0000
0000 0000 2000 2000 0000 0000
0000 0000 0000 2000 2000 0000
0000 0000 0000 0000 2000 2000
0000 0200 0020 0000 0000 0000
0000 0000 0020 0020 0000 0000
0000 0000 0000 0020 0002 0000
0000 0000 0000 0000 0002 0002
0000 0020 0002 0000 0000 0000
0000 0000 0002 0002 0000 0000
0000 0000 0000 0002 0200 0000
0000 0000 0000 0000 0200 0200
0000 0002 0200 0000 0000 0000
0000 0000 0200 0200 0000 0000
0000 0000 0000 0200 0020 0000
0000 0000 0000 0000 0020 0020
2222 0000 0000 0000 0000 0000
1320 1100 1010 1010 1001 1001
2130 0110 0011 0011 0101 0101
2013 0011 0101 0101 0110 0110

,
Z4-codes and the Niemeier lattices 481
G(A29 D6) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 0200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
2000 0002 0002 0002 0002 0002
1000 1000 0311 3000 1000 1000
3000 3000 1000 0133 1000 1000
3000 1000 1000 3000 0311 3000
1000 3000 1000 3000 3000 0311
1111 1111 2000 2000 0000 0000

, G(E46 ) =

0000 2000 2000 0000 0000 0000
0000 0000 2000 2000 0000 0000
0000 0000 0000 2000 2000 0000
0000 0000 0000 0000 2000 2000
0111 1000 1000 1000 1000 1000
0000 0200 0020 0000 0000 0000
0000 0000 0020 0020 0000 0000
0000 0000 0000 0020 0002 0000
0000 0000 0000 0000 0002 0002
3013 0100 0010 0010 0001 0001
0000 0020 0002 0000 0000 0000
0000 0000 0002 0002 0000 0000
0000 0000 0000 0002 0200 0000
0000 0000 0000 0000 0200 0200
3130 0001 0100 0100 0010 0010
0000 0002 0200 0000 0000 0000
0000 0000 0200 0200 0000 0000
0000 0000 0000 0200 0020 0000
0000 0000 0000 0000 0020 0020
3301 0010 0001 0001 0100 0100

,
G(A212) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
1133 1111 0000 0000 0000 0000
0000 1133 1111 0000 0000 0000
1000 3000 0311 1000 1000 1000
1000 3000 1000 0311 3000 3000
0000 0000 0000 3111 1311 0000
0000 0000 0000 0000 3111 1311

, G(A15 D9) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
2200 0000 2200 0000 0000 0000
1111 1133 0000 0000 0000 0000
1000 0111 1000 3000 1000 3000
0000 0000 1111 1111 0000 0000
0000 0000 0000 1111 1111 0000
0000 0000 0000 0000 1111 1111

,
G(D10 E27 ) =

2000 2000 0000 0000 0000 0000
0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
1111 1111 0000 0000 0000 0000
0000 0000 2000 2000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 2000 0200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 1111 1111
1000 3000 1000 3000 1000 0111
2020 0000 0000 0000 2000 2000
0000 0000 2020 0000 2000 2000

, G(A17 E7) =

2000 2000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 0200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
2200 0000 2200 0000 0000 0000
1111 1111 0000 0000 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 1111 1111 0000
0000 0000 0000 0000 1111 1111
1000 3000 0111 1000 3000 1000

,
482 M. Harada and M. Kitazume
G(D212) =

0000 2000 2000 0000 0000 0000
0000 0000 2000 2000 0000 0000
0000 0000 0000 2000 2000 0000
0000 0000 0000 0000 2000 2000
0200 0000 0000 0000 0000 2000
0200 0200 0000 0000 0000 0000
0000 0200 0020 0000 0000 0000
0000 0000 0020 0020 0000 0000
0000 0000 0000 0020 0002 0000
0000 0000 0000 0000 0002 0002
3120 1100 1010 1010 1001 1001
0000 0020 0002 0000 0000 0000
0000 0000 0002 0002 0000 0000
0000 0000 0000 0002 0200 0000
0000 0000 0000 0000 0200 0200
0002 0000 0000 0000 0000 0200
0002 0002 0000 0000 0000 0000
0000 0002 0200 0000 0000 0000
0000 0000 0200 0200 0000 0000
0000 0000 0000 0200 0020 0000
0000 0000 0000 0000 0020 0020
2031 0011 0101 0101 0110 0110

, G(A24) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
1111 1133 0000 0000 0000 0000
0000 1111 1133 0000 0000 0000
0000 0000 1111 1133 0000 0000
0000 0000 0000 1111 1133 0000
0000 0000 0000 0000 1111 1133
1000 3000 1000 3000 1000 0111

,
G(E38 ) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
0000 2200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0002 2000 0000 0000
0000 0000 0000 2200 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0002 2000
0000 0000 0000 0000 0000 2200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
1111 1111 0000 0000 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 0000 1111 1111

, G(D16 E8) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
0000 2200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0002 2000 0000 0000
0000 0000 0000 2200 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0002 2000 0000
0000 0000 0000 0000 2200 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0002 2000
0000 0000 0000 0000 0000 2200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
0000 0000 1111 1111 1111 1111
1111 1111 0000 0000 0000 0000

,
G(D24) =

0220 0000 0000 0000 0000 0000
0022 0000 0000 0000 0000 0000
0002 2000 0000 0000 0000 0000
0000 2200 0000 0000 0000 0000
0000 0220 0000 0000 0000 0000
0000 0022 0000 0000 0000 0000
0000 0002 2000 0000 0000 0000
0000 0000 2200 0000 0000 0000
0000 0000 0220 0000 0000 0000
0000 0000 0022 0000 0000 0000
0000 0000 0002 2000 0000 0000
0000 0000 0000 2200 0000 0000
0000 0000 0000 0220 0000 0000
0000 0000 0000 0022 0000 0000
0000 0000 0000 0002 2000 0000
0000 0000 0000 0000 2200 0000
0000 0000 0000 0000 0220 0000
0000 0000 0000 0000 0022 0000
0000 0000 0000 0000 0002 2000
0000 0000 0000 0000 0000 2200
0000 0000 0000 0000 0000 0220
0000 0000 0000 0000 0000 0022
1111 1111 1111 1111 1111 1111

,
Z4-codes and the Niemeier lattices 483
sweC(A38)
= c24 + 144b8c16 + 43008b16c8 + 262144b24 + 30720ab12c11 + 18a2c22 + 20352a2b8c14
+1204224a2b16c6 + 563200a3b12c9 + 270a4c20 + 305088a4b8c12 + 3010560a4b16c4
+2027520a5b12c7 + 4266a6c18 + 1346688a6b8c10 + 1204224a6b16c2 + 2027520a7b12c5
+23295a8c16 + 2160480a8b8c8 + 43008a8b16 + 563200a9b12c3 + 60228a10c14
+1346688a10b8c6 + 30720a11b12c + 85988a12c12 + 305088a12b8c4 + 60228a14c10
+20352a14b8c2 + 23295a16c8 + 144a16b8 + 4266a18c6 + 270a20c4 + 18a22c2 + a24,
sweC(A64)
= c24 + 48b8c16 + 43008b16c8 + 262144b24 + 30720ab12c11 + 18a2c22 + 21120a2b8c14
+1204224a2b16c6 + 563200a3b12c9 + 270a4c20 + 302400a4b8c12 + 3010560a4b16c4
+2027520a5b12c7 + 4266a6c18 + 1352064a6b8c10 + 1204224a6b16c2 + 2027520a7b12c5
+23295a8c16 + 2153760a8b8c8 + 43008a8b16 + 563200a9b12c3 + 60228a10c14
+1352064a10b8c6 + 30720a11b12c + 85988a12c12 + 302400a12b8c4 + 60228a14c10
+21120a14b8c2 + 23295a16c8 + 48a16b8 + 4266a18c6 + 270a20c4 + 18a22c2 + a24,
sweC(A122 )
= c24 + 48b8c16 + 27648b16c8 + 131072b24 + 55296ab12c11 + 6a2c22 + 13440a2b8c14
+774144a2b16c6 + 1013760a3b12c9 + 150a4c20 + 194880a4b8c12 + 1935360a4b16c4
+3649536a5b12c7 + 2062a6c18 + 868224a6b8c10 + 774144a6b16c2 + 3649536a7b12c5
+11871a8c16 + 1385760a8b8c8 + 27648a8b16 + 1013760a9b12c3 + 29676a10c14
+868224a10b8c6 + 55296a11b12c + 43540a12c12 + 194880a12b8c4 + 29676a14c10
+13440a14b8c2 + 11871a16c8 + 48a16b8 + 2062a18c6 + 150a20c4 + 6a22c2 + a24,
sweC(D212)
= c24 + 4194304b24 + 49152ab12c11 + 132a2c22 + 901120a3b12c9 + 5346a4c20
+3244032a5b12c7 + 67188a6c18 + 3244032a7b12c5 + 367983a8c16
+901120a9b12c3 + 980232a10c14 + 49152a11b12c + 1352540a12c12 + 980232a14c10
+367983a16c8 + 67188a18c6 + 5346a20c4 + 132a22c2 + a24,
sweC(D46 )
= c24 + 2097152b24 + 73728ab12c11 + 60a2c22 + 1351680a3b12c9 + 2706a4c20
+4866048a5b12c7 + 33484a6c18 + 4866048a7b12c5 + 184239a8c16 + 1351680a9b12c3
+489720a10c14 + 73728a11b12c + 676732a12c12 + 489720a14c10 + 184239a16c8
+33484a18c6 + 2706a20c4 + 60a22c2 + a24,
sweC(A83)
= c24 + 1048576b24 + 86016ab12c11 + 24a2c22 + 1576960a3b12c9 + 1386a4c20
+5677056a5b12c7 + 16632a6c18 + 5677056a7b12c5 + 92367a8c16 + 1576960a9b12c3
+244464a10c14 + 86016a11b12c + 338828a12c12 + 244464a14c10 + 92367a16c8
+16632a18c6 + 1386a20c4 + 24a22c2 + a24,
sweC(D64 )
= c24 + 61440b16c8 + 524288b24 + 36a2c22 + 30720a2b8c14 + 1720320a2b16c6
+546a4c20 + 430080a4b8c12 + 4300800a4b16c4 + 8596a6c18 + 1935360a6b8c10
+1720320a6b16c2 + 46191a8c16 + 3072000a8b8c8 + 61440a8b16 + 121416a10c14
+1935360a10b8c6 + 170716a12c12 + 430080a12b8c4 + 121416a14c10 + 30720a14b8c2
+46191a16c8 + 8596a18c6 + 546a20c4 + 36a22c2 + a24,
sweC(A241 )
= c24 + 30720b16c8 + 262144b24 + 49152ab12c11 + 12a2c22 + 15360a2b8c14
+860160a2b16c6 + 901120a3b12c9 + 306a4c20 + 215040a4b8c12 + 2150400a4b16c4
+3244032a5b12c7 + 4188a6c18 + 967680a6b8c10 + 860160a6b16c2 + 3244032a7b12c5
+23343a8c16 + 1536000a8b8c8 + 30720a8b16 + 901120a9b12c3 + 60312a10c14
+967680a10b8c6 + 49152a11b12c + 85820a12c12 + 215040a12b8c4 + 60312a14c10
+15360a14b8c2 + 23343a16c8 + 4188a18c6 + 306a20c4 + 12a22c2 + a24,
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2
5 )
= c24 + 96b8c16 + 36864b16c8 + 524288b24 + 36864a1b12c11 + 24a2c22 + 17664a2b8c14
+1032192a2b16c6 + 675840a3b12c9 + 618a4c20 + 260736a4b8c12 + 2580480a4b16c4
+2433024a5b12c7 + 8440a6c18 + 1155840a6b8c10 + 1032192a6b16c2 + 2433024a7b12c5
+46287a8c16 + 1849920a8b8c8 + 36864a8b16 + 675840a9b12c3 + 121584a10c14
+1155840a10b8c6 + 36864a11b12c1 + 170380a12c12 + 260736a12b8c4 + 121584a14c10
+17664a14b8c2 + 46287a16c8 + 96a16b8 + 8440a18c6 + 618a20c4 + 24a22c2 + a24.
5. NIEMEIER LATTICES CONTAINING A241
Let N be a Niemeier lattice such that its root system R contains A241 , that is, N = N (R)
where R is one of
A241 , D
6
4, D
4
6, D
3
8, D10 E
2
7 , D
2
12, E
3
8 , D16 E8, D24.
Then N can be constructed by Construction A from some binary doubly-even self-dual code
B of length 24. It was shown in [8] that there are exactly nine inequivalent such codes,
seven of which are indecomposable codes. We denote here the seven indecomposable codes
A24, B24,C24, . . . , F24 and G24 in [8] by A¯24, B¯24, ¯C24, . . . , F¯24 and ¯G24, respectively, in
order to distinguish the root system and the code D24. By [6] such a code B is uniquely deter-
mined by N . Note that the lattices obtained from A¯24, B¯24, ¯C24, . . . , F¯24 and ¯G24 are N (D212),
N (D10 E27), N (D
3
8), N (D
4
6), N (D24), N (D
6
4) and N (A
24
1 ), respectively.
On the other hand, we have constructed N from some Z4-code C . Comparing our generator
matrix with the generator matrix given in [8, Table II], we can easily prove that C ⊇ 2B,
where 2B denotes the Z4-code {2b | b ∈ B} for the case that B is A¯24, ¯C24, ¯E24, F¯24 and
the two decomposable codes corresponding to N (D16 E8) and N (E38). For the case that B is
B¯24, D¯24 and ¯G24, consider the following generator matrices, instead of the matrices in [8,
Table II]:
0 0 0 6 6 0
0 0 4 4 3 0
0 6 0 0 0 6
5 6 0 0 0 0
4 4 0 0 0 3
0 0 4 7 0 0
0 0 a 0 8 8
a 0 0 0 8 8
0 0 f f 0 0
f f 0 0 0 0
0 0 0 0 f f
8 8 8 8 7 8

,

0 6 0 0 a 0
0 0 0 0 a a
2 1 4 0 0 4
0 9 0 0 1 4
c 0 0 5 0 0
9 0 0 1 0 1
0 0 a a 0 0
0 0 9 8 4 0
f f 0 0 0 0
f 0 f 0 0 0
4 4 b 4 8 8
2 d 2 2 8 8

,

0 0 5 5 5 5
c 0 c 0 a 9
0 a c 9 5 f
9 a 0 c c 0
8 8 8 8 7 8
0 0 c c c c
f f 0 0 0 0
0 f f 0 0 0
0 0 f f 0 0
0 0 0 f f 0
0 0 0 0 f f
3 3 5 5 6 6

,
respectively, where the entries in the matrices are written in the hexadecimal notation, that is,
0 = (0000), 1 = (0001), . . . , 9 = (1001), a = (1010), . . . , f = (1111). Then we have that
C ⊇ 2B. Therefore we have the following:
PROPOSITION 3. Let N be a Niemeier lattice such that its root system R contains A241 .
Then
√
2N ⊆ N.
Sloane and Young showed in their unpublished paper that every binary doubly-even self-
dual code B of length 24 can be lifted to some Type II Z4-code C of minimum Euclidean
weight 16, that is, C (mod 2) = B. This result was announced in [3]. Thus this implies that√
2N ⊆ 324 for a Niemeier lattice N such that its root system R contains A241 .
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